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Real algebraic surfaces with many
handles in (CP1)3
Arthur Renaudineau
Abstract
In this text, we study Viro’s conjecture and related problems for real
algebraic surfaces in (CP1)3. We construct a counter-example to Viro’s
conjecture in tridegree (4, 4, 2) and a family of real algebraic surfaces
of tridegree (2k, 2l, 2) in (CP1)3 with asymptotically maximal first Betti
number of the real part. To perform such constructions, we consider
double covers of blow-ups of (CP1)2 and we glue singular curves with
special position of the singularities adapting the proof of Shustin’s theorem
for gluing singular hypersurfaces.
1 Introduction
A real algebraic variety is a complex algebraic variety X equipped with an
antiholomorphic involution c : X → X . Such an antiholomorphic involution is
called a real structure on X . The real part of (X, c), denoted by RX , is the
set of points fixed by c. Unless otherwise specified, all varieties considered are
nonsingular. For a topological space A, we put bi(A) = dimZ/2ZHi(A,Z/2Z).
The numbers bi(A) are called Betti numbers (with Z/2Z coefficients) of A.
Let X be a simply-connected projective real algebraic surface. From the Smith-
Thom inequality and the Comessatti inequalities (see for example [DK00]), one
can deduce the following bounds for b0(RX) and b1(RX) in terms of Hodge
numbers of X :
b0(RX) ≤ 1
2
(h2,0(X) + h1,1(X) + 1), (1)
b1(RX) ≤ h2,0(X) + h1,1(X). (2)
In 1980, O. Viro formulated the following conjecture.
Conjecture. (O. Viro)
Let X be a simply-connected projective real algebraic surface. Then
b1(RX) ≤ h1,1(X).
When X is the double covering of CP2 ramified along a curve of an even
degree, this conjecture is a reformulation of Ragsdale’s conjecture (see [Vir80]).
The first counterexample to Ragsdale’s conjecture was constructed by I. Itenberg
(see [Ite93]) using Viro’s combinatorial patchworking (see for example [Ite97]).
This first counterexample opened the way to various counterexamples to Viro’s
conjecture and constructions of real algebraic surfaces with many connected
components (see [IK96], [Ite97], [Bih99], [Bih01], [Ore01] [Bru06] and
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[Ren15]). It is not known whether Viro’s conjecture is true for M -surfaces (a
real algebraic variety X is called an M -variety if
∑
bi(RX) =
∑
bi(X) and an
(M − a)-variety if ∑ bi(RX) =∑ bi(X)− 2a).
In this text, we focus on real algebraic surfaces in (CP1)3 equipped with the
real structure given by the standard conjugation on each factor. A real algebraic
surface X in (CP1)3 of tridegree (d1, d2, d3) is the zero set of a real polynomial
P ∈ R [u1, v1, u2, v2, u3, v3]
homogeneous of degree di in the variables (ui, vi), for 1 ≤ i ≤ 3. Up to change of
coordinates, one can always assume that d1 ≥ d2 ≥ d3. Introduce the projection
π : (CP1)3 → (CP1)2 on the first two factors. If X is an algebraic surface of
tridegree (d1, d2, 1) in (CP
1)3 , then π|X is of degree 1, and X is birationaly
equivalent to (CP1)2. Hence h2,0(X) = 0, so Viro’s conjecture is true for real
algebraic surfaces of tridegree (d1, d2, 1) in (CP
1)3. Assume now that X is
of tridegree (d, 2, 2). The projection π˜ : (CP1)3 → CP1 on the first factor
induces an elliptic fibration on X . Kharlamov proved (see [AM08]) that Viro’s
conjecture is true for elliptic surfaces. Thus, Viro’s conjecture is true for real
algebraic surfaces of tridegree (d, 2, 2) in (CP1)3.
Let X be a real algebraic surface of tridegree (4, 4, 2) in (CP1)3. One has
h2,0(X) = 9 and h1,1(X) = 84. Therefore, using Smith-Thom inequality and
one of the two Comessatti inequalities, one obtains
b1(RX) ≤ 92 = h1,1(X) + 8.
We prove the following result in Section 6.
Theorem 1. There exists a real algebraic surface X of tridegree (4, 4, 2) in
(CP1)3 such that
RX ≃ 3S
∐
2S2
∐
S40.
The surface X is an (M − 2)-surface satisfying
b1(RX) = 88 = h
1,1(X) + 4.
The existence of a real algebraic surface of tridegree (4, 4, 2) in (CP1)3 sat-
isfying 90 ≤ b1(RX) ≤ 92 is still unknown. For d ≥ 3, the existence of a real
algebraic surface of tridegree (d, 3, 2) in (CP1)3 disproving Viro’s conjecture is
also unknown. In Section 5, we focus on the asymptotic behaviour of the first
Betti number for real algebraic surfaces of tridegree (d1, d2, 2) in (CP
1)3. Let
X be a real algebraic surface of tridegree (d1, d2, 2) in (CP
1)3. One has
h2,0(X) = d1d2 − d1 − d2 + 1,
and
h1,1(X) = 6d1d2 − 2d1 − 2d2 + 4.
If Sd1,d2 denotes the set of nonsingular real algebraic surfaces of tridegree
(d1, d2, 2) in (CP
1)3, then it follows from Smith-Thom inequality and one of
the two Comessatti inequalities that
max
X∈Sd1,d2
b1(RX) ≤ 7d1d2 − 3d1 − 3d2 + 5.
We prove the following result in Section 5.
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Theorem 2. There exists a family (Xk,l) of nonsingular real algebraic surfaces
of tridegree (2k, 2l, 2) in (CP1)3, and A,B, c, d, e ∈ Z such that for all k ≥ A
and for all l ≥ B, one has
b1(RXk,l) ≥ 7 · 2k · 2l− c · 2k − d · 2l+ e.
In order to prove Theorem 1 and Theorem 2, we consider double coverings
of blow-ups of (CP1)2 and we adapt the proof of Shustin’s theorem for gluing
singular hypersurfaces. This text is organized as follows. In Section 2, we
recall briefly Shustin’s theorem for gluing singular hypersurfaces. In Section 3,
we discuss orientability of closed two-dimensional submanifolds of (RP1)3. In
Section 4, we present a way to construct a surface of degree (2k, 2l, 2) in (CP1)3
as a small perturbation of a double covering of a blow-up of (CP1)2. In Section
5, we prove Theorem 2 and in Section 6 we prove Theorem 1. In Section 7,
we recall Brusotti theorem and prove a transversality theorem needed in our
construction.
Acknowledgments. I am very grateful to Erwan Brugalle´ and Ilia Itenberg
for very useful discussions. I am also grateful to Eugenii Shustin for very useful
remarks and for answering all my questions.
2 Viro’s method for gluing singular hypersur-
faces
Here we follow [Shu98]. Another reference is the book [IMS09]. Let us first fix
the notations and introduce standard definitions.
Definition 1. Let f =
∑
aiz
i be a polynomial in C [z1, · · · , zn]. The convex
hull of the set {i ∈ Zn | ai 6= 0} is called the Newton polytope of f . An integer
convex polytope in Rn is the convex hull of a finite subset of Zn ⊂ Rn. For
an integer convex polytope ∆, denote by P (∆) the space of polynomials with
Newton polytope ∆.
Definition 2. Let f =
∑
aiz
i ∈ P(∆). Let Γ ⊂ Zn be a subset of ∆. The
truncation of f to Γ is the polynomial fΓ defined by fΓ =
∑
i∈Γ aiz
i.
Definition 3. A subdivision of an integer convex polytope ∆ is a set of integer
convex polytopes (∆i)i∈I such that:
• ∪i∈I∆i = ∆,
• if i, j ∈ I, then the intersection ∆i ∩∆j is a common face of the polytope
∆i and the polytope ∆j, or empty.
A subdivision ∪i∈I∆i of ∆ is said to be convex if there exists a convex piecewise-
linear function ν : ∆→ R whose domains of linearity coincide with the polytopes
∆i.
Definition 4. Let ∆ ⊂ (R+)n be an integer convex n-dimensional polytope. Let
f ∈ P(∆), and let Z(f) be the set {x ∈ (R∗)n| f(x) = 0}. In the orthant (R∗+)n,
define φ as
φ : (R∗+)
n → (R∗)n
x 7→
∑
i∈∆∩Zn | xi | i∑
i∈∆∩Zn | xi |
.
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In the orthant sε((R
∗
+)
n), we put
φ(sε(x)) = sε(φ(x)),
where sε(x1, · · · , xn) = ((−1)ε1x1, · · · , (−1)εnxn).
We call chart of f the closure of φ(Z(f)) in ∆∗, where
∆∗ =
⋃
ε∈(Z/2Z)n
sε(∆).
Denote by C(f) the chart of f .
Definition 5. Le ∆ be an integer convex polytope in Rn. If Γ is a face of ∆∗,
then, for all integer vectors α orthogonal to Γ and for all x ∈ Γ, identify x with
sα(x). Denote by ∆ˆ the quotient of ∆∗ under these identifications, and denote
by π∆ the quotient map.
The term singular point of a polynomial f in n variables means a singular
point of the hypersurface {f = 0}∩ (C∗)n. We study real polynomials with only
finitely many singular points. Denote by Sing(f) the set of singularities of f .
Let us be given a certain classification S of isolated hypersurface singularities
which are invariant with respect to the transformations
f(z1, · · · , zn)→ λ0f(λ1z1, · · · , λnzn),
where λ0, · · · , λn > 0. In addition, assume that in each type of the classification,
the Milnor number is constant. For a polynomial f , denote by S(f) the function
S(f) : S −→ Z
s 7→ # {z ∈ (C∗)n | z is in Sing(f) of type s} .
Definition 6. A polynomial f ∈ P (∆) is called peripherally nonsingular (PNS)
if for every proper face Γ ⊂ ∆, the hypersurface Z(fΓ) = {z ∈ (C∗)n | fΓ(z) =
0} is nonsingular.
Definition 7. Let f ∈ P (∆) and ∂∆+ ⊂ ∂∆ be the union of some facets of ∆.
Put
P (∆, ∂∆+, f) =
{
g ∈ P (∆) | gΓ = fΓ for any facet Γ ⊂ ∂∆+
}
.
Definition 8. Let f be a polynomial with only finitely many singular points and
let v1, · · · , vm be all the singular points of f . In the space Σ(d) of polynomials
of degree less than d, for d ≥ deg f , consider a germ Md(f) at f ∈ Σ(d) of
the variety of polynomials with singular points in neighborhoods of the points
v1, · · · , vm of the same types. The triad (∆, ∂∆+, f) is said to be S-transversal
if
• for d ≥ d0, the germ Md(f) is smooth and its codimension in Σ(d) does
not depend on d.
• the intersection of Md(f) and P (∆, ∂∆+, f) in Σ(d) is transversal for
d ≥ d0.
Remark 1. Instead of types of isolated singular points one can consider other
properties of polynomials which can be localized, are invariant under the torus
action, and the corresponding strata are smooth. Then one can speak of the
respective transversality in the sense of Definition 8, and prove a patchworking
theorem similar to that discussed below.
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2.1 General gluing theorem
Let ∆ be an integer convex n-dimensionnal polytope in Rn+, and let ∪i∈I∆i be a
subdivision of ∆. For any i ∈ I, take a polynomial fi such that the polynomials
fi verify the following properties:
• for each i ∈ I, one has fi ∈ P(∆i),
• if Γ = ∆i ∩∆j , then fΓi = fΓj ,
• for each i ∈ I, the polynomial fi is PNS.
The polynomials fi define an unique polynomial f =
∑
w∈∆∩Zn awx
w, such that
f∆i = fi for all i ∈ I. Let G be the adjacency graph of the subdivision ∪i∈I∆i.
Define G to be the set of oriented graphs Γ with support G and without oriented
cycles. For Γ ∈ G, denote by ∂∆i,+ the union of facets of ∆i, which correspond
to the arcs of Γ coming in ∆i.
Theorem 3 (Shustin, see [Shu98]). Assume that the subdivision ∪i∈I∆i of ∆
is convex and that there exists Γ ∈ G such that the triad (∆i, ∂∆i,+, fi) is S-
transversal. Then, there exists a PNS polynomial f ∈ P(∆) such that
S(f) =
∑
i∈I
S(fi),
and the triad (∆, ∅, f) is S-transversal.
Remark 2. Let ν : ∆→ R be a function certifying the convexity of the subdivi-
sion of ∆. Then, the polynomial f can be chosen of the form ft0 , for t0 positive
and small enough, where
ft =
∑
i∈∆∩Zn
Ai(t)t
ν(i)zi,
and |Ai(t) − ai| ≤ Kt, for a positive constant K. The polynomial ft is a
modified version of Viro polynomial. Suppose that the polynomials fi are real.
Then, the polynomial ft can also be chosen real and as in Viro’s theorem, for t
positive and small enough, the pairs
(
∆ˆ, π∆(C(ft))
)
and
(
∆ˆ, π∆(
⋃
i∈I C(fi))
)
are homeomorphic.
2.2 S-transversality criterion
Let n = 2, i.e., polynomials fi define curves in toric surfaces. In [Shu98], Shustin
defined a non-negative integer topological invariant b(w) of isolated planar curve
singular points w such that, if fi is irreducible and∑
w∈Sing(fi)
b(w) <
∑
σ 6⊂∂∆i,+
length(σ),
then the triple (∆i, ∂∆i,+, fi) is S-transversal. Here, length(σ) denotes the
integer length of σ. Recall that
• if w is a node, then b(w) = 0,
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• if w is a cusp, then b(w) = 1,
Example 1. If under the hypotheses of Theorem 3, n = 2, the curves
{fi = 0} ⊂ Tor(∆i),
i ∈ I, are irreducible and have only ordinary nodes as singularities, then there is
an oriented graph Γ ∈ G such that all the triples (∆i, ∂∆i,+, fi) are transversal.
Indeed, for any common edge σ ⊂ ∆i ∩∆j , one can choose the corresponding
arc of Γ to be orthogonal to σ. Then orient the arcs of Γ so that they form
angles in the interval
]−pi2 , pi2 ] with the horizontal axis. Then
∂∆i,+ 6= ∂∆i,
for i ∈ I. The above criterion implies transversality.
3 Orientability of closed two-dimensional sub-
manifolds of (RP1)3
Identify H2
(
(RP1)3 ; Z/2Z
)
with (Z/2Z)3 by considering generators x1, x2, x3
given by
• x1 =
[{p} × RP1 × RP1],
• x2 =
[
RP
1 × {p} × RP1],
• x3 =
[
RP
1 × RP1 × {p}].
IdentifyH1
(
(RP1)3 ; Z/2Z
)
with (Z/2Z)3 by considering generators y1, y2, y3
given by
• y1 =
[
RP
1 × {p} × {q}],
• y2 =
[{p} × RP1 × {q}],
• y3 =
[{p} × {q} × RP1].
With these identifications, the intersection product
H2
(
(RP1)3 ; Z/2Z
)×H1 ((RP1)3 ; Z/2Z)→ Z/2Z
is given by the following map:
Q : (Z/2Z)3 × (Z/2Z)3 → Z/2Z
((a1, a2, a3), (b1, b2, b3)) 7→ a1b1 + a2b2 + a3b3.
If X is a real algebraic surface of tridegree (d1, d2, d3) in (CP
1)3, it follows from
the identifications made above that the homology class of RX is represented in
(Z/2Z)3 by
[RX ] = (d1 mod 2 , d2 mod 2 , d3 mod 2) .
Consider the case of a real algebraic surface X of tridegree (d1, d2, 1) in (CP
1)3.
Such a surface is given by a polynomial
u3P (u1, v1, u2, v2) + v3Q(u1, v1, u2, v2),
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where P and Q are homogeneous polynomials of degree di in the variables
(ui, vi), for 1 ≤ i ≤ 2. Assume that {P = 0} and {Q = 0} intersect transversely.
The projection π|X on the two first factors identify X with the blow up of
(CP1)2 at the 2d1d2 intersection points of {P = 0} and {Q = 0}. If 2m points
of intersections of {P = 0} and {Q = 0} are real, then
RX ≃ (RP1 × RP1)#2mRP2,
where # denotes the connected sum. In particular, the surface RX is orientable
if and only if m = 0.
Proposition 1. The Euler characteristic of any closed two-dimensional sub-
manifold Z of (RP1)3 is even.
Proof. If [Z] = 0 ∈ H2
(
(RP1)3 ; Z/2Z
)
, then Z is the boundary of a compact
3-manifold M in (RP1)3. Since (RP1)3 is orientable, the 3-manifold M is ori-
entable and Z is also orientable. It follows that the Euler characteristic of Z
is even. Assume now that [Z] 6= 0 ∈ H2
(
(RP1)3 ; Z/2Z
)
. Up to a change of
coordinates on (RP1)3, one can assume that [Z] = (1, a, b), with a, b ∈ Z/2Z.
Consider a real algebraic surface S of tridegree (1, a, b) transverse to Z. Then,
one has [Z ∪ S] = [Z] + [S] = 0, and the union Z ∪ S bounds in (RP1)3. Thus,
one can color the complement (RP1)3\(Z∪S) into two colors in such a way that
the components adjacent from the different sides to the same (two-dimensional)
piece of Z ∪ S would be of different colors. It is a kind of checkerboard col-
oring. Consider the disjoint sum Q of the closures of those components of
(RP1)3 \ (Z ∪ S) which are colored with the same color. It is a compact 3-
manifold, and it is oriented since each of the components inherits orientation
from (RP1)3. The boundary of this 3-manifold is composed of pieces of Z and
S. It can be thought of as the result of cutting both surfaces along their inter-
section curve and regluing. The intersection curve is replaced by its two copies,
while the rest part of Z and S does not change. Since the intersection curve
consists of circles, its Euler characteristic is zero. Thus, one has
χ(∂Q) = χ(Z) + χ(S).
Since the surface S is the connected sum of an even number of copies of RP2,
the Euler characteristic χ(S) of S is even. On the other hand, χ(∂Q) is even
since ∂Q inherits orientation from Q. Thus, one has
χ(Z) = 0 mod 2.
Proposition 1 implies that we cannot embed any connected sum of an odd
number of copies of RP2 in (RP1)3. One has the following characterisation of
orientability.
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Proposition 2. Let Z be a two-dimensional submanifold of (RP1)3. The man-
ifold Z is nonorientable if and only if there exists a circle S1 →֒ Z such that
[S1] · [Z] = 1, where
[S1] ∈ H1
(
(RP1)3 ; Z/2Z
)
is the homology class of the circle S1 and
[Z] ∈ H2
(
(RP1)3 ; Z/2Z
)
is the homology class of the manifold Z.
Proof. The manifold Z is nonorientable if and only if there exists a disorienting
circle S1 →֒ Z. Recall that S1 ⊂ Z is a disorienting circle if and only if the
normal bundle NS1,Z of S1 in Z is nontrivial. On the other hand, one has the
following equality:
NS1,(RP1)3 = NS1,Z ⊕
(NZ,(RP1)3)∣∣S1 ,
where NS1,(RP1)3 denotes the normal bundle of S1 in (RP1)3 and
(NZ,(RP1)3)∣∣S1
denotes the restriction to S1 of the normal bundle of Z in (RP1)3. The restriction
of the tangent bundle of (RP1)3 to S1 is the Whitney sum of the normal and
the tangent bundle of S1. Thus, the normal bundle NS1,(RP1)3 is trivial, so the
normal bundle NS1,Z is nontrivial if an only if the normal bundle
(NZ,(RP1)3)∣∣S1
is nontrivial. One concludes that Z is nonorientable if and only if there exists
an embedding S1 →֒ Z such that [S1] · [Z] = 1.
Corollary 1. Let X be a nonsingular real algebraic surface of degree (k, l, 2) in
(CP1)3 given by a polynomial
u23P + u3v3Q+ v
2
3R,
where P , Q and R are homogeneous polynomials of degree k in (u1, v1) and of
degree l in (u2, v2). Then, RX is nonorientable if an only if there exists an
embedding of a circle ψ : S1 →֒ (RP1)2 such that
• ψ(S1) ⊂ {Q2 − 4PR ≥ 0}.
• The homology class [ψ(S1)] ∈ H1
(
(RP1)2 ; Z/2Z
)
is represented by (a, b) ∈
Z/2Z with ak + bl = 1.
Proof. Notice that RX is homeomorphic to the disjoint union of two copies of
{Q2 − 4PR ≥ 0} attached to each other by a self-homeomorphism of {Q2 −
4PR = 0}. Assume that the manifold RX is nonorientable. Then, by Propo-
sition 2, there exists an embedding of a circle φ : S1 →֒ RX such that the
homology class
[φ(S1)] ∈ H1
(
(RP1)3 ; Z/2Z
)
is represented by (a, b, c) ∈ (Z/2Z)3 with ak+bl = 1. Using a small perturbation
of the embedding φ, one obtains an immersion π ◦ φ of S1 in (RP1)2, where
π : (RP1)3 → (RP1)2 denotes the projection on the two first factors. This
immersion satisfies
• π ◦ φ(S1) ⊂ {Q2 − 4PR ≥ 0} and
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• [π ◦ φ(S1)] = (a, b), with ak + bl = 1.
Perturbing arbitrarily each double point of π ◦ φ(S1), one obtains a collection
of circles S11, · · · , S1n, with
[
S1j
]
= (aj , bj) ∈ (Z/2Z)2, such that
• S1j ⊂ {Q2 − 4PR ≥ 0}, for all 1 ≤ j ≤ n,
• ∑nj=1 aj = a and ∑nj=1 bj = b.
Then there exists 1 ≤ j ≤ n such that ajk + bj l = 1.
Reciprocally, assume that there exists an embedding ψ : S1 →֒ (RP1)2 such that
• ψ(S1) ⊂ {Q2 − 4PR ≥ 0},
• [ψ(S1)] = (a, b) ∈ (Z/2Z)2 with ak + bl = 1.
Using a small perturbation of the embedding ψ, one can assume that
ψ(S1) ⊂ {Q2 − 4PR > 0},
and that ψ(S1) intersect {P = 0} transversely. Over the set {Q2 − 4PR > 0},
the map π|RX is a two-to-one map. Then, the preimage of ψ(S1) under the
projection π|RX is either a circle or a union of two circles. Consider
RX \ {P = 0} ⊂ (RP1)2 × R.
If x ∈ ψ(S1) \ {P = 0}, one can order the two preimages s1(x) and s2(x) of
x under π so that the vertical coordinate of s1(x) is smaller than the vertical
coordinate of s2(x). One can see that when x goes through {P = 0}, the order
on s1(x) and s2(x) changes. Then, the preimage of ψ(S
1) under the projection
π|RX is a circle if and only if the number of intersections of ψ(S1) with {P = 0}
is odd. Since ak + bl = 1, the preimage of ψ(S1) is a circle, and it follows from
Proposition 2 that RX is nonorientable.
4 Double covering of certain blow-ups of (CP1)2
We describe a method of construction of real algebraic surfaces in (CP1)3 of
tridegree (2k, 2l, 2) for any (k, l) with k ≥ 1 and l ≥ 1. Consider a real al-
gebraic surface Z in (CP1)3 defined by the polynomial P 2 + εQ, where P is
a real polynomial of tridegree (k, l, 1), the polynomial Q is a real polynomial
of tridegree (2k, 2l, 2) and ε is some small positive parameter. If {P = 0} and
{Q = 0} are nonsingular and intersect transversely, the surface Z is also nonsin-
gular, and it is a small deformation of the double covering of {P = 0} ramified
along {P = 0} ∩ {Q = 0}. More precisely, the surface Z is obtained from an
elementary equivariant deformation of the subvariety
Z0 = {U2 +Q = 0 , P = 0} ⊂ (C∗)4
compactified in the toric variety associated to the cone with vertex (0, 0, 0, 2)
over the parallelepiped
Conv ((2k, 0, 0), (0, 2l, 0), (2k, 2l, 0), (0, 0, 2), (2k, 0, 2), (0, 2l, 2), (2k, 2l, 2)) .
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This deformation is obtained via considering the family
Zt = {U2 +Q = 0 , P = tU},
for 0 ≤ t ≤ √ε. The real part RZ is homeomorphic to the disjoint union of two
copies of (RP1)3 ∩ {P = 0} ∩ {Q ≤ 0} attached to each other by the identity
map of (RP1)3 ∩ {P = 0} ∩ {Q = 0}. The polynomials P can be written in the
following form:
P (ui, vi) = v3P1(ui, vi) + u3P0(ui, vi),
where P0, P1 are homogeneous polynomials of degree k in u1, v1 and of degree
l in u2, v2. As explained in Section 3, the surface {P = 0} is the blow-up of
(CP1)2 at the 2kl points of intersections of {P0 = 0} and {P1 = 0}. Consider
the real algebraic curve {P = 0} ∩ {Q = 0} in (CP1)3 and consider its image
D under the projection π : (CP1)3 → (CP1)2 forgetting the last factor. Let us
compute the bidegree of D. One can see that the intersection of {P = 0} with
CP
1 × [0 : 1] × CP1 (resp., [0 : 1] × CP1 × CP1) is a curve of bidegree (k, 1)
(resp., (l, 1)). The intersection of {Q = 0} with CP1 × [0 : 1] × CP1 (resp.,
[0 : 1] × CP1 × CP1) is a curve of bidegree (2k, 2) (resp., (2l, 2)). Then the
real algebraic curve {P = 0} ∩ {Q = 0} intersects CP1 × [0 : 1] × CP1 (resp.,
[0 : 1]× CP1 × CP1) in 4k points (resp., 4l points). Considering the projection
π, one concludes that the real algebraic curve D is of bidegree (4k, 4l). For
1 ≤ i ≤ 2kl, denote by Li the exceptional lines of {P = 0} corresponding to
the intersection points of {P0 = 0} ∩ {P1 = 0}. Since the real algebraic surface
{Q = 0} is of tridegree (2k, 2l, 2), it intersects any exceptional line Li in exactly
2 points. Considering the projection π, one concludes that the real algebraic
curve D has 2kl double points, one double point at each intersection point of
{P0 = 0} and {P1 = 0}. Conversely, one has the following proposition.
Proposition 3. Let {P0 = 0} and {P1 = 0} be two nonsingular real algebraic
curves of bidegree (k, l) in (CP1)2 intersecting transversely in 2kl points. Let
D be an irreducible real algebraic curve of bidegree (4k, 4l) in (CP1)2 with 2kl
ordinary double points, one double point at each intersection point of {P0 = 0}
and {P1 = 0}. Consider the blow-up of (CP1)2 at the 2kl points of intersections
of {P0 = 0} and {P1 = 0}, given by the polynomial
P (ui, vi) = v3P1(ui, vi) + u3P0(ui, vi).
Then, there exists a real algebraic surface {Q = 0} of tridegree (2k, 2l, 2) in
(CP1)3 such that the strict transform of D in {P = 0} is given by the intersection
{P = 0} ∩ {Q = 0}.
Proof. Denote by x1, ..., x2kl the intersection points of {P0 = 0} and {P1 = 0}.
Denote by A the linear system of curves of bidegree (4k, 4l) in (CP1)2 with a
singularity at each xi. We first show that the space A is of codimension 6kl
in the space of curves of bidegree (4k, 4l) in (CP1)2. Denote by C0 the curve
{P0 = 0}. One has the following exact sequence of sheaves:
0→ OP1×P1(D − C0)→ OP1×P1(D)→ OC0(D |C0)→ 0,
where OP1×P1(D − C0) is the invertible sheaf associated to the divisor D − C0,
the sheaf OP1×P1(D) is the invertible sheaf associated to the divisor D, and
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OC0(D |C0) denotes the restriction of OP1×P1(D) to C0. Since the divisorD−C0
is of bidegree (3k, 3l), for any k > 0 and l > 0 the invertible sheafOP1×P1(D−C0)
is generated by its sections and one has H1(P1 × P1,OP1×P1(D − C0)) = 0 (see
for example [Ful93]). Thus, the long exact sequence in cohomology associated
to the above exact sequence splits. The first part of the long exact sequence is
the following:
0→ H0(P1 × P1,O(D − C0))→ H0(P1 × P1,O(D)) r→ H0(C0,O(D |C0))→ 0,
where r is the restriction map. Denote by
E(x1, · · · , x2kl) ⊂ H0(P1 × P1,O(D))
the set of sections vanishing at least at order 2 at x1, · · · , x2kl. Then
A = P(E(x1, · · · , x2kl)).
Put F (x1, · · · , x2kl) = r(E(x1, · · · , x2kl)). Denote by
G(x1, · · · , x2kl) ⊂ H0(P1 × P1,O(D − C0))
the set of sections vanishing at x1, · · · , x2kl. One has then the following exact
sequence:
0→ G(x1, · · · , x2kl)→ E(x1, · · · , x2kl)→ F (x1, · · · , x2kl)→ 0.
Define on C0 the divisor
D′ = D ∩ C0 − E,
where
E =
{
2
2kl∑
i=1
xi
}
.
By definition of r, the set F (x1, · · · , x2kl) is the subspace ofH0(C0,OC0(D∩C0))
of sections vanishing at least at order 2 at x1, · · · , x2kl. Consider the exact sheaf
sequence
0→ OC0(D′)→ OC0(D ∩ C0)→ OE(D ∩ C0 |E)→ 0,
and consider the associated long exact sequence
0→ H0(C0,OC0(D′))→ H0(C0,OC0(D ∩ C0)) r
′→ H0(E,O(D ∩ C0 |E))→ · · ·
Thus, one sees that F (x1, · · · , x2kl) = ker r′ is identified with H0(C0,OC0(D′)).
Let us compute h0(C0, D
′). The divisor D′ is of degree 4kl. Moreover, one has
deg(KC0 −D′) = − deg(D′) + deg(KC0)
= − deg(D′)− 2 + 2g(C0)
= −4kl− 2 + 2(k − 1)(l − 1)
= −2kl− 2k − 2l.
But −2kl−2k−2l < 0, so h0(C0,KC0−D′) = 0, and by Riemann-Roch formula,
one gets
h0(C0, D
′) = deg(D′) + 1− g(C0)
= 4kl+ 1− (k − 1)(l − 1)
= 3kl + k + l.
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Therefore, one has
dim(E(x1, ..., x2kl)) = 3kl+ k + l + dim(G(x1, ..., x2kl)).
Now, compute dim(G(x1, ..., x2kl). Consider the following exact sequence:
0→ OP1×P1(D − C20 )→ OP1×P1(D − C0)→ OC0((D − C0) |C0)→ 0.
Passing to the long exact sequence, one obtains:
0→ H0(P1 × P1,O(D − C20 ))→ G(x1, ..., x2kl)→ r(G(x1, ..., x2kl))→ 0.
With a similar computation as before, one sees that
dim(r(G(x1, ..., x2kl)) = 4kl + 1− (k − 1)(l − 1)
= 3kl+ k + l.
On the other hand, h0(P1 × P1, D − C20 ) = (2k + 1)(2l+ 1)− 1. So finally,
dim(E(x1, ..., x2kl)) = 3kl+ k + l + 3kl+ k + l + 4kl+ 2k + 2l
= 10kl+ 4k + 4l,
and codim(A) = 6kl. Denote by A˜ the linear system of curves obtained as the
proper transform of the linear system A and denote by B the linear system of
surfaces of tridegree (2k, 2l, 2) in (CP1)3. By restriction to the surface {P = 0},
one obtains a map from B to A˜. By definition, the kernel of this map correspond
to the linear system of surfaces of tridegree (k, l, 1). Then the dimension of the
image of the restriction map is
3(2k + 1)(2l+ 1)− 2(k + 1)(l + 1)− 1 = 10kl+ 4(k + l),
and the restriction map from B to A˜ is surjective.
In summary, we obtain the following method of construction of real algebraic
surfaces of degree (2k, 2l, 2) in (CP1)3.
1. Consider two nonsingular real algebraic curves {P0 = 0} and {P1 = 0} of
bidegree (k, l) in (CP1)2 intersecting transversely.
2. Consider an irreducible real algebraic curve {R = 0} of bidegree (4k, 4l)
in (CP1)2 with 2kl double points, one double point at each intersection
point of {P0 = 0} and {P1 = 0}.
3. Consider the polynomial P (ui, vi) = v3P1(ui, vi) + u3P0(ui, vi). The real
algebraic surface X in (CP1)3 defined by the polynomial P is the blow-
up of (CP1)2 at the 2kl points of intersection of {P0 = 0} and {P1 =
0}. Consider the strict transform C˜ of {R = 0} under this blow-up. By
Proposition 3, there exists a polynomial Q of tridegree (2k, 2l, 2) such that
C˜ = {P = 0} ∩ {Q = 0}.
Denote by X− ⊂ RX the subset which projects to {R ≤ 0}.
4. Consider the surface
Z = {P 2 + εQ = 0},
for ε > 0 small enough. Then, the surface Z is a nonsingular real algebraic
surface of tridegree (2k, 2l, 2) in (CP1)3 and its real part RZ is homeomor-
phic to the disjoint union of two copies of X− attached to each other by
the identity map of RC˜.
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5 A family of real algebraic surfaces with asymp-
totically maximal number of handles in (CP1)3
Let k ≥ 2 and l ≥ 2. To prove Theorem 2, we construct a real algebraic curve
of bidegree (4k, 4l) in (CP1)2 with 2kl double points which are the intersec-
tion points of two real algebraic curves of bidegree (k, l) in (CP1)2. The main
difficulty is that these 2kl double points have to be in a special position. In
fact, there is no curve of bidegree (k, l) passing through 2kl points in (CP1)2 in
general position. In [Bru06], Brugalle´ constructed a family of reducible curves
{C1n = 0} ∪ {C2n = 0} in the nth Hirzebruch surface Σn, where {C1n = 0} has
Newton polytope Conv((0, 0), (n, 0), (0, 1)) and {C2n = 0} has Newton polytope
Conv((0, 0), (n, 0), (0, 2), (n, 1)). The chart of {C1n = 0} ∪ {C2n = 0} is depicted
in Figure 1. Using Brusotti theorem (see Theorem 6 or [BR90]), perturb the
n intersection points and
one oval between two 
consecutive intersection
points.
n intersection points
2n intersection 
points
Figure 1: The chart of {C1n = 0} ∪ {C2n = 0}
curve
{C12k−1 = 0} ∪ {C22k−1 = 0}
keeping k double points, as depicted in Figure 2. Denote the resulting curve by
2k-1 intersection points and
one oval between two 
consecutive intersection
points.
2k-1 intersection points
k intersection 
points
3k-3 
ovals
Figure 2: The chart of {C2k−1 = 0}
{C2k−1 = 0}, and by ci,j the coefficient of the monomial (i, j) in the poly-
nomial C2k−1. Since the edge [(0, 3), (4k − 2, 1)] of the Newton polytope of
C2k−1 is of length 2, one can assume, up to a linear change of coordinates, that
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c0,3 = c4k−2,1. Denote by Γ the rectangle Conv((0, 0), (0, 4), (4k, 0), (4k, 4)) and
consider the charts of the polynomials xC2k−1(x, y) and x
4k−1y4C2k−1(
1
x ,
1
y ).
Complete the rectangle Γ with other charts of polynomials, as depicted in Fig-
ure 3. By Shustin’s patchworking theorem for curves with double points, there
exists a polynomial P of Newton polytope Γ whose chart is depicted in Figure
3. Denote by (x1, y1), · · · , (x2k, y2k) the coordinates of the 2k double points
Figure 3: The chart of P
of {P = 0}. These 2k double points are on the intersection of two algebraic
curves of bidegree (k, 1) in (CP1)2, but it could happen that these two curves
are reducible. It turns out that to prove Theorem 4, it is important to have
the 2k double points of {P = 0} on the intersection of two irreducible curves of
bidegree (k, 1) in (CP1)2, which is the case if the 2k double points of {P = 0}
are in general position.
Lemma 1. One can perturb the polynomial P so that the double points of
{P = 0} are in general position.
Proof. Denote by E the set of polynomials of bidegree (4k, 4), and denote by N
its dimension. Denote by S the subset of E consisting of polynomials defining
curves which have double points in a neighborhood of {(x1, y1),· · · ,(x2k, y2k)}.
By the Brusotti theorem (see Theorem 6 in Section 7), there exists a small
neighborhood U of P in E such that S ∩ U is a transverse intersection of 2k
hypersurfaces in E . Then, dim(S ∩ U) = N − 2k. Define the incidence variety
I associated to S ∩ U by
I = {(Q, z1, ..., z2k) ∈ (S ∩ U)× ((C∗)2)2k | zi is a double point of Q} .
One has π1(I) = S ∩ U , where
π1 : E × ((C∗)2)2k → E
denotes the first projection. Denote by π2 the second projection:
π2 : E × ((C∗)2)2k → ((C∗)2)2k.
To prove the lemma, it is enough to show that dim(π2(I)) = 4k. By the Brusotti
theorem, π1 induces a local homeomorphism from I to S ∩ U , so dim(I) =
dim(S ∩ U) = N − 2k. By Lemma 6, one has
dim(π−12 (x) ∩ I) = N − 6k,
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for any x ∈ π2(I). So dim(π2(I)) = N − 2k − (N − 6k) = 4k.
Hence we can assume that the double points of P are the intersection points
of two irreducible curves of bidegree (k, 1) in (CP1)2. Denote by L(x, y) = 0 and
M(x, y) = 0 the equations of two distinct irreducible curves of bidegree (k, 1) in
(CP1)2 passing through (x1, y1), · · · , (x2k, y2k), the double points of {P = 0}.
For 1 ≤ h ≤ l, put
• Lh(x, y) = yhL(x, 1y ),
• Mh(x, y) = yhM(x, 1y ),
if h is odd, and
• Lh(x, y) = yh−1L(x, y),
• Mh(x, y) = yh−1M(x, y),
if h is even.
Choose an irreducible polynomial P1 of bidegree (4k, 2) such that the curve
{P1 = 0} has a double point at all the (xi, 1yi ). Let P 01 be the polynomial
of bidegree (4k, 1) such that the restriction of P 01 to the edge [(0, 0), (4k, 0)]
coincide with the restriction of P1 to the edge [(0, 2), (4k, 2)] and the restriction
of P 01 to the edge [(0, 1), (4k, 1)] coincide with the restriction of P to the edge
[(0, 0), (4k, 0)]. Put P 11 = y
2P 01 (see Figure 4).
For 2 ≤ h ≤ l, put
• Ph(x, y) = y4h−1P (x, 1y ), if h is odd, and
• Ph(x, y) = y4h−5P (x, y), if h is even.
Let P 0l+1 be a polynomial of bidegree (4k, 1) such that the restriction of
P 0l+1 to the edge [(0, 0), (4k, 0)] is equal to the restriction of Pl to the edge
[(0, 4l− 1), (4k, 4l− 1)]. Put Pl+1 = y4l−1P 0l ( see Figure 4).
Theorem 4. There exist three real algebraic curves {P˜ = 0}, {L˜ = 0} and
{M˜ = 0} in (CP1)2 such that:
• The polynomial P˜ is of bidegree (4k, 4l), the polynomials L˜ and M˜ are of
bidegree (k, l).
• The chart of P˜ is homeomorphic to the gluing of the charts of the polyno-
mials P1, P
1
1 and Pj, for 2 ≤ j ≤ l + 1.
• The curve {P˜ = 0} has 2kl double points, one double point at each inter-
section point of {L˜ = 0} and {M˜ = 0}.
Proof of Theorem 2. By the construction presented in Section 4, the three
curves {P˜ = 0}, {L˜ = 0} and {M˜ = 0} produce a real algebraic surface Xk,l
of tridegree (2k, 2l, 2) in (CP1)3. The sign of P˜ is the same in any empty oval
of {P˜ = 0} coming from the gluing of the charts of the polynomials Ph, for
2 ≤ h ≤ l. Assume that this sign is positive. Denote by Y+ (resp., Y−) the
subset of RY which projects to {P˜ ≥ 0} (resp., {P˜ ≤ 0}), where Y is (CP1)2
blown up at the 2kl double points of {P˜ = 0}. Then, RXk,l is homeomorphic
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Figure 4: The Newton polytopes of polynomials Pj , Lj and Mj .
Figure 5: A part of the chart of P˜ in the case l = 3.
to the disjoint union of two copies of Y− attached by the identity map of the
strict transform of {P˜ = 0}. We depicted a part of the chart of P˜ in the case
l = 3 in Figure 5. By counting all the ovals of {P˜ = 0} containing two empty
16
ovals, one sees that
b0(Y−) ≥ (2k − 2)(l − 2).
Let us estimate from below the Euler characteristic of Y+. By counting empty
ovals of {P˜ = 0}, one sees that Y+ contains at least (6k−4)(l−1)+3(2k−2)(l−2)
components homeomorphic to a disc. One sees also that Y+ contains at least l−2
components homeomorphic to a disc with k − 1 holes, and another component
with at least (k− 1)(l− 2) holes. Since the real part of the real algebraic curve
curve {P˜ = 0} contains at most (4k−1)(4l−1)+1−2kl connected components,
one sees that there exist c0, d0, e0 ∈ Z such that
χ(Y+) ≥ 10kl+ c0 · 2k + d0 · 2l+ e0.
Thus, one has
b0(RXk,l) = b0(Y−) ≥ 2kl− 4k − 2l,
and
χ(RXk,l) = 2χ(Y−)
= 2(χ(RY )− χ(Y+))
≤ 2(−2kl− 10kl+ c0 · 2k + d0 · 2l+ e0)
≤ −24kl+ 2c0 · 2k + 2d0 · 2l + 2e0.
Therefore, one obtains
b1(RXk,l) = 2b0(RXk,l)− χ(RXk,l)
≥ 28kl− c · 2k − d · 2l + e,
where c, d, e ∈ Z, which proves Theorem 2.
Proof of Theorem 4.
The construction follows the same lines as the proof of the main theorem in
[Shu98]. We recall the main steps referring at [Shu98] for the proofs of auxiliary
statements. Denote by ∆ the rectangle Conv ((0, 0), (4k, 0), (0, 4l), (4k, 4l)), de-
note by ∆1 the Newton polytope of P1, denote by ∆
1
1 the Newton polytope of
P 11 and denote by ∆h the Newton polytope of Ph, for 2 ≤ h ≤ l+1. Denote by
Λ the rectangle Conv ((0, 0), (k, 0), (0, l), (k, l)) and denote by Λh the Newton
polytope of Lh, for 1 ≤ h ≤ l. Denote by ai,j , for all (i, j) ∈ ∆, the collection
of real numbers satisfying
P 11 =
∑
i,j∈∆11
ai,jx
iyj ,
Ph =
∑
i,j∈∆h
ai,jx
iyj ,
for 1 ≤ h ≤ l + 1. Denote by bi,j , for all (i, j) ∈ Γ and by ci,j , for all (i, j) ∈ Γ,
the collections of real numbers satisfying
Lh =
∑
i,j∈Λh
bi,jx
iyj ,
Mh =
∑
i,j∈Λh
ci,jx
iyj ,
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for 2 ≤ h ≤ l + 1. We look for the desired polynomials in a one-parametric
family of polynomials.
Pt =
∑
i,j∈∆
Ai,j(t)x
iyjtνP (i,j), (3)
Lt =
∑
i,j∈Λ
Bi,j(t)x
iyjtνL(i,j), (4)
Mt =
∑
i,j∈Λ
Ci,j(t)x
iyjtνM (i,j), (5)
where
• |Ai,j(t)− ai,j | ≤ Kt,
• |Bi,j(t)− bi,j | ≤ Kt, and
• |Ci,j(t)− ci,j | ≤ Kt,
for some positive constant K. The piecewise-linear functions νP , νL and νM
are defined as follows. The function νL is the piecewise-linear function inde-
pendent of i certifying the convexity of the decomposition Λ = ∪hΛh, satisfying
νL(0, 1) = 0, of slope −1 on Λ1 and of slope h on Λh+1, for 1 ≤ h ≤ l − 1. Put
νM = νL. The function νP is the piecewise-linear function independent of i cer-
tifying the convexity of the decomposition ∆ = ∪h∆h, satisfying νP (0, 2) = 0,
of slope −1 on ∆1, of slope 0 on ∆11 and of slope h on ∆h+1, for 1 ≤ h ≤ l.
Denote by µhL(j) = ah + hj the affine function equal to νL on Λh, h = 1, · · · , l.
Denote by µhP (j) = a
′
h + hj the affine function equal to νP on ∆h, h = 1, · · · , l.
The substitution of νhP = νP −µhP for νP in (3), the substitution of νhL = νL−µhL
for νL in (4) and the substitution of ν
h
M = νM−µhM for νM in (5) give the families
Ph,t = Ph +
∑
(i,j)/∈∆h
Ai,j(t)x
iyjtν
h
P (j) +
∑
(i,j)∈∆h
(Ai,j(t)− ai,j)xiyj ,
Lh,t = Lh +
∑
(i,j)/∈Λh
Bi,j(t)x
iyjtν
h
L(j) +
∑
(i,j)∈Λh
(Bi,j(t)− bi,j)xiyj,
Mh,t =Mh +
∑
(i,j)/∈Λh
Ci,j(t)x
iyjtν
h
M (j) +
∑
(i,j)∈Λh
(Ci,j(t)− ci,j)xiyj ,
for all h = 1, · · · , l. These substitutions are the composition of the coordinate
change
Th(x, y) = (x, yt
h)
with the multiplication of the polynomial by some positive number.
Ph,t = t
−a′hPt(T
−1
h (x, y)),
Lh,t = t
−ahLt(T
−1
h (x, y)),
Mh,t = t
−ahMt(T
−1
h (x, y)).
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In particular, the point (x, y) is a singular point of Pt in (C
∗)2 if and only if the
point Th(x, y) is a singular point of Ph,t.
Fix a compact Q ⊂ (C∗)2, whose interior contains all singular points of Ph in
(C∗)2, for h = 1, ..., l. Denote by zhp , for p ∈ Ih, the singular points of Ph,t in
Q.
Lemma 2. (see [Shu98] ) There exists t0 > 0 such that for any t ∈ (0, t0), the
points Th(zhp) for p ∈ Ih and h = 1, ..., l, are the only singular points of Pt in
(C∗)2.
We define Ai,j , Bi,j and Ci,j as smooth functions of t such that Ai,j(0) = ai,j ,
Bi,j(0) = bi,j and Ci,j(0) = ci,j and such that for any h ∈ {1, ..., l}, the polyno-
mial Ph,t has 2k double points in Q which lie on the intersection of the curves
{Lh,t = 0} and {Mh,t = 0}. Following the notations of Section 7, consider in
P(∆h)× P(Λh)× P(Λh) the germ Sh at (Ph, Lh,Mh) of the variety of polyno-
mials (P,L,M) such that P has its singular points in a neighboorhood of the
double points of Ph and such that L and M vanish at these singular points.
Define ∂∆h+ and ∂Λ
h
+ as follows:
• ∂∆1+ = ∅ and ∂Λ1+ = ∅,
• for 2 ≤ h ≤ l, ∂∆h+ = [(0, 4h− 5)− (4k, 4h− 5)] and ∂Λh+ = [(0, h− 1)−
(k, h− 1)].
One has #(∂∆h+ ∩ Z2)− 1 = 4k and #(∂Λh+ ∩ Z2)− 1 = k, and it follows from
Theorem 8 applied to (Ph, Lh,Mh) that Sh is the transversal intersection of
smooth hypersurfaces {
ϕ(h)r = 0
}
, r = 1, ..., dh, (6)
dh = codimSh,
where
ϕ
(h)
r : P(∆)× P(Λ)× P(Λ) −→ C(
A′i,j , B
′
u,v, C
′
u,v
) 7−→ ϕ(h)r (A′i,j , B′u,v, C′u,v) .
Moreover, there is a subset
Ξh ⊂ (Z2)3 ∩ (∆h \ ∂∆h+ × (Λh \ ∂Λh+)2),
such that card(Ξh) = dh, and
det
(
∂ϕ
(h)
r
∂A′i,j , ∂B
′
u,v, ∂C
′
u′,v′
)
r = 1, ..., dh;
{(i, j), (u, v), (u′ , v′)} ∈ Ξh
6= 0
at the point
(A′i,j , B
′
u,v, C
′
u′,v′) =
{
(ai,j , bu,v, cu′,v′) , {(i, j), (u, v), (u′, v′)} ∈ Ξh
0 , otherwise
To find out Ai,j(t), Bu,v(t) and Cu′,v′(t) we plug
A′i,j = Ai,jt
νhP (j), B′u,v = Bu,vt
νhL(v) and C′u′,v′ = Cu′,v′t
νhM (v
′).
in (6) for any h = 1, ..., l.
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Lemma 3. One has
det
(
∂ϕ
(h)
r
∂Ai,j , ∂Bu,v, ∂Cu′,v′
)
r = 1, ..., dh;
{(i, j), (u, v), (u′, v′)} ∈
⋃
h
Ξh
6= 0
By means of the implicit function theorem, we derive the existence of the
desired functions Ai,j(t), Bi,j(t) and Ci,j(t).
Proof of Lemma 3. The sets Ξh are disjoint by construction and the matrix(
∂ϕ
(h)
r
∂Ai,j , ∂Bu,v, ∂Cu′,v′
)
r = 1, ..., dh;
{(i, j), (u, v), (u′, v′)} ∈
⋃
h
Ξh
takes a block-triangular form as t = 0 with the nondegenerated blocks(
∂ϕ
(h)
r
∂A′i,j , ∂B
′
u,v, ∂C
′
u′,v′
)
r = 1, ..., dh;
{(i, j), (u, v), (u′, v′)} ∈ Ξh
,
h = 1, ..., l, on the diagonal.
6 Counterexample to Viro’s conjecture in tride-
gree (4, 4, 2)
To prove Theorem 1, we present a construction of a curve of bidegree (8, 8)
with 4 double points lying on the intersection of two curves of bidegree (2, 2).
Consider the curve {C13 = 0} ∪ {C23 = 0} (see Section 5) with Newton poly-
tope Conv ((0, 0) , (6, 0) , (0, 3) , (6, 1)). Perturb the curve {C13 = 0} ∪ {C23 = 0}
keeping 4 double points, as depicted in Figure 6. Complete the rectangle
Conv ((0, 0) , (8, 0) , (0, 3) , (8, 3)) with other charts of polynomials, as depicted
in Figure 6. By Shustin’s patchworking theorem for curves with double points,
there exists a polynomial P of bidegree (8, 8) whose chart is depicted in Figure
6. As in Lemma 1, one can assume that the four double points of the curve
Figure 6: The chart of P
{P = 0} are the intersection points of two distinct irreducible nonsingular curves
of bidegree (2, 2). Denote by L(x, y) and M(x, y) the polynomials defining the
two curves of bidegree (2, 2) passing through the four double points of {P = 0}.
Put
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• P1(x, y) = y3P (x, 1y ),
• P2(x, y) = y3P (x, y),
• L1(x, y) = yL(x, 1y ),
• L2(x, y) = yL(x, y),
• M1(x, y) = yM(x, 1y ),
• M2(x, y) = yM(x, y).
Consider a Harnack curve
{
P 03 (x, y) = 0
}
of bidegree (8, 2) in (RP1)2 (see [Mik00]
for the definition of a Harnack curve). The chart of P 03 is depicted in Figure
7. Since
{
P 03 (x, y) = 0
}
is a Harnack curve, one can assume that the restric-
tion of P 03 to the edge [(0, 0) , (8, 0)] is equal to the restriction of P to the edge
[(0, 3) , (8, 3)] (see for example [KO06]). Put P3 = y
6P 03 .
Figure 7: The chart of P 03
Theorem 5. There exist three real algebraic curves {P˜ = 0}, {L˜ = 0} and
{M˜ = 0} in (CP1)2 such that:
• The polynomial P˜ is of bidegree (8, 8).
• The polynomials L˜ and M˜ are of bidegree (2, 2).
• The chart of P˜ is the result of the gluing of the charts of P1, P2 and P3.
• The 8 double points of
(
P˜ = 0
)
are on the intersection of the two curves(
L˜ = 0
)
and
(
M˜ = 0
)
.
Proof. The proof follows the same lines as the proof of Theorem 4.
The chart of P˜ is depicted in Figure 8. Denote by C˜ the strict transform
of {P˜ = 0} under the blow up of (CP1)2 at the 8 double points of {P˜ = 0}.
Assume that the sign of P˜ in any empty oval is positive and consider the real
algebraic surface Z of tridegree (4, 4, 2) in (CP1)3 defined by
Z = {F 2 + εG = 0},
where F = v3L˜ + u3M˜ , the number ε is some small positive parameter and G
is a polynomial of tridegree (4, 4, 2) such that
C˜ = {F = 0} ∩ {G = 0}.
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Figure 8: The chart of P˜
It follows from Section 4 that RZ is homeomorphic to the disjoint union of
two copies of Y− attached to each other by the identity map of C˜, where Y− is
the part of (RP1)2 blown up at the 8 double points of {P˜ = 0} projecting to
{P˜ ≤ 0}. One can see from Figure 8 that b0(RZ) = 6 and that RZ contains
three spheres and two components of genus two. Moreover, one has
χ(RZ) = 2(−8− (34− 4))
= −76.
Then b1(RZ) = 88 and
RZ ≃ 2S2 ⊔ 3S ⊔ S40,
which proves Theorem 1.
7 Transversality theorems
In this section, we prove a transversality theorem needed in the proof of Theorem
4 and Theorem 5.
7.1 Notations
• For a polytope ∆, denote by |L∆| the linear system on Tor(∆) of curves
of Newton polytope ∆.
• Let F ∈ P(∆), and let ∂∆+ ⊂ ∂∆ be a subset of the set of edges of ∆.
Introduce the space of polynomials
P(∆, ∂∆+, F ) = {G ∈ P(∆) | Gσ = F σ, σ ∈ ∂∆+}.
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• For a polytope ∆, denote by A(∆) the euclidean area of ∆, by b(∆) the
number of integral points of the boundary of ∆, by i(∆) the number of
integral points in the interior of ∆ and put |∆| = i(∆)+ b(∆) the number
of integral points in ∆.
7.2 Brusotti theorem
Let ∆ be a polytope. Denote by t = (x, y) the coordinates on (C∗)2. In
P(∆)× (C∗)2, consider the algebraic variety defined by
B =


P (t) = 0,
∂P/∂x(t)= 0,
∂P/∂y(t)= 0.
Let (P0, t0) ∈ B, and assume that t0 = (x0, y0) ∈ (C∗)2 is an ordinary quadratic
point of {P0 = 0}.
Lemma 4. (see, for example, [BR90] )
There exists a neighborhood U of (P0, t0) in P(∆)× (C∗)2 such that:
• B ∩ U is smooth of codimension 1.
• If π : P(∆) × (C∗)2 → P(∆) denotes the first projection, then B′ =
π(B ∩ U) is smooth of codimension 1.
Assume now that the curve {P0 = 0} has N non-degenerated double points
th,
h = 1, ..., N and no other singular points. Applying the above lemma to each th,
we obtain N non-singular analytic submanifolds of P(∆), say B′1, ..., B′N passing
through P0.
Theorem 6. (Brusotti, see, for example, [BR90] )
There exists a neighborhood U ′ of P0 in P(∆) such that the intersection
B′1 ∩ · · · ∩B′N ∩ U ′
is transversal in P(∆).
The key point of the proof of Brusotti theorem is the following corollary of
Riemann-Roch theorem.
Lemma 5. (see, for example, [BR90] )
Let ∆ be a polytope and let C ∈ |L∆|. Suppose that C has k non-degenerated
double points x1, ..., xk in (C
∗)2 and no other singular points. Then, the linear
subsystem of |L∆| consisting of curves passing through x1, ...xk is of codimension
k.
7.3 Linear system of curves with prescribed quadratic points
Let ∆ be a polytope and let C ∈ |L∆|. Suppose that C is irreducible with k
ordinary quadratic points x1, ..., xk in (C
∗)2 and no other singular points. Fix
also m marked points p1, ...pm on C \ {x1, ..., xk}.
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Lemma 6. Suppose that
2k +m < b(∆).
Then, the sublinear system of |L∆| consisting of curves having singularities at
x1, ..., xk and passing through p1, ..., pm is of codimension 3k +m.
Proof. One has the following exact sheaf sequence:
0→ OTor(∆) → OTor(∆)(C)→ OC(C)→ 0,
where OTor(∆) is the sheaf of holomorphic functions on Tor(∆), the sheaf
OTor(∆)(C) is the invertible sheaf associated to the divisor C, and OC(C) de-
notes the restriction ofOTor(∆)(C) to C. As H1(Tor(∆),OTor(∆)) = 0, the long
exact sequence in cohomology associated to the above exact sequence splits. The
first part of the long exact sequence is the following:
0→ C→ H0(Tor(∆),OTor(∆)(C)) r→ H0(C,OC(C))→ 0.
Denote by E(x1, ..., xk, p1, ..., pm) the subspace ofH
0(Tor(∆),OTor(∆)(C)) con-
sisting of sections vanishing at least at order 2 at x1, ..., xk and passing through
p1, ..., pm. Put F = r(E(x1, ..., xk, p1, ..., pm)). One has the following exact
sequence:
0→ C→ E(x1, ..., xk, p1, ..., pm) r→ F → 0.
Fix a generic section s ∈ E(x1, ..., xk, p1, ..., pm) with divisorD. Then, D∩C
consists of a finite number of points (C is irreducible), and it defines a divisor
on C and also on C˜, the normalization of C. Denote by (x˜i, x˜i
′) the inverse
images of xi by the normalization map. Denote by p˜i the inverse image of pi by
the normalization map. Define on C˜ the divisor
D′ := D ∩ C − E,
where
E =
{
2
k∑
i=1
(x˜i + x˜i
′) +
m∑
i=1
p˜i
}
.
By definition of r, the set F is the subspace of H0(C,OC(C ∩ D)) of sections
vanishing at least at order 2 at the points x1, ..., xk and at least at order 1 at
the points p1, ..., pm. Considering the normalization map, one gets the following
injective map:
0→ H0(C,OC(D ∩ C)) ι→ H0(C˜,OC˜(D ∩ C)).
Thus, dim(F ) ≤ dim(ι(F )). The linear system ι(F ) is the linear system of
sections of OC˜(D∩C) vanishing at least at order 2 at the points (x˜i, x˜i′) and at
least at order 1 at the points p′i. Consider the following exact sheaf sequence:
0→ OC˜(D′) ⊗s−−→ OC˜(D ∩ C) r−→ OE(D ∩ C |E)→ 0,
where r is the restriction map. Passing to the associated long exact sequence,
one sees that ι(F ) is identified with H0(C˜,D′). Let us compute h0(C˜,D′). The
divisor D′ is of degree A(2∆)− 2A(∆)− 4k −m. Then, one has
deg(KC˜ −D′) = − deg(D′)− 2 + 2g(C˜)
= −A(2∆) + 2A(∆) + 4k +m− 2 + 2(i(∆)− k)
= 2k +m− b(∆).
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By hypothesis, 2k+m−b(∆) < 0. So h0(C˜,KC˜−D′) = 0, and by Riemann-Roch
formula, one has
h0(C˜,D′) = deg(D′) + 1− g(C˜)
= A(2∆)− 2A(∆)− 4k −m+ 1− (i(∆)− k)
= i(∆) + b(∆)− 1− 3k −m
= dim(L(∆)) − 3k −m.
So one gets
dim(F ) ≤ dim(L(∆)) − 3k −m.
On the other hand
dim(F ) = dim(P(E(x1, ..., xk, p1, ..., pm))),
and
dim(P(E(x1, ..., xk, p1, ..., pm))) ≥ dim(L(∆)) − 3k −m.
So finally
dim(P(E(x1, ..., xk, p1, ..., pm))) = dim(L(∆)) − 3k −m.
7.4 A transversality theorem
Fix three polytopes ∆,∆′ and ∆′′. In P(∆)× (C∗)2×P(∆′)×P(∆′′), consider
the algebraic variety defined by
S =


P (t) = 0,
∂P/∂x(t)= 0,
∂P/∂y(t)= 0,
Q(t) = 0,
R(t) = 0.
Let (P0, Q0, R0) ∈ P(∆)× P(∆′)× P(∆′′), and assume that t0 = (x0, y0) is an
ordinary quadratic point of {P0 = 0} such that {Q0 = 0} intersects {R0 = 0}
transversely at t0. Then, in particular, (P0, t0, Q0, R0) ∈ S.
Lemma 7. There exists a neighborhood U of (P0, t0, Q0, R0) in P(∆)× (C∗)2×
P(∆′)× P(∆′′) such that:
• S ∩ U is smooth of codimension 5.
• If
π : P(∆)× (C∗)2 × P(∆′)× P(∆′′) −→ P(∆)× P(∆′)× P(∆′′)
is the projection forgetting the second factor, then S′ = π(S∩U) is smooth
of codimension 3. Moreover, the tangent space to S′ at π(P0, t0, Q0, R0)
is given by the equations

∑
Ai,jx
i
0y
j
0 = 0,
−
(
dt0Q0
dt0Q0
)
(Hesst0P0)
−1
(∑
iAi,jx
i−1
0 y
j
0∑
jAi,jx
i
0y
j−1
0
)
+
( ∑
Bk,lx
k
0y
l
0∑
Cm,nx
m
0 y
n
0
)
= 0,
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where (Ai,j)i,j∈∆ are coordinates in the tangent space of P(∆), the coordinates
((Bk,l)k,l∈∆′ are coordinates in the tangent space of P(∆′), and (Cm,n)m,n∈∆′′
are coordinates in the tangent space of P(∆′′).
Proof. The first point follows from the implicit function theorem. Introduce the
map
F = (F1, F2, F3, F4, F5) : P(∆)× (C∗)2 × P(∆′)× P(∆′′) −→ C5,
with
• F1(P, t,Q,R) = P (t),
• F2(P, t,Q,R) = ∂P/∂x(t),
• F3(P, t,Q,R) = ∂P/∂y(t),
• F4(P, t,Q,R) = Q(t),
• F5(P, t,Q,R) = R(t).
Denote by JF (P0, t0, Q0, R0) the Jacobian matrix of F at (P0, t0, Q0, R0). By
an easy computation, one has
JF (P0, t0, Q0, R0) =


xi0y
j
0 0 0 0 0
ixi−10 y
j
0
jxi0y
j−1
0
Hesst0P0
0 0
0 0
0 dt0Q0 x
k
0y
l
0 0
0 dt0R0 0 x
m
0 y
n
0


[5,|∆|+2+|∆′|+|∆′′|]
.
As t0 is an ordinary quadratic point of P0, the matrix Hesst0P0 is invert-
ible. It follows that JF (P0, t0, Q0, R0) is of rank 5. In fact, the submatrix of
JF (P0, t0, Q0, R0), where i = j = 0, k = l = 0 and m = n = 0, is as follows:

1 0 0 0 0
0
0
Hesst0P0
0 0
0 0
0 dt0Q0 1 0
0 dt0R0 0 1

 .
This last matrix is invertible. For the second point, since Hesst0P0 is in-
vertible, use the second and the third equations of the tangent space to S
at (P0, t0, Q0, R0) to write t as a function of P over a small neighborhood of
(P0, Q0, R0) in P(∆)× P(∆′)× P(∆′′). This proves the lemma.
Assume now that the curve {P0 = 0} is irreducible and hasN non-degenerated
double points th, h = 1, ..., N such that {Q0 = 0} intersects {R0 = 0} trans-
versely at each th. Assume also that {P0 = 0} has no further singular points.
Applying the above lemma to each th, we obtain N nonsingular analytic mani-
folds of P(∆)× P(∆′)× P(∆′′) passing through (P0, Q0, R0). Denote these N
nonsingular analytic manifolds by S′1, · · · , S′N ,
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Theorem 7. If 2N < b(∆), then there exists a neighborhood W of (P0, Q0, R0)
in P(∆)× P(∆′)× P(∆′′) such that the intersection
S′1 ∩ · · · ∩ S′N ∩W
is transversal in P(∆)× P(∆′)× P(∆′′).
Proof. By the implicit function theorem, it is sufficient to show that the tan-
gent spaces to the manifolds S′h at (P0, Q0, R0) intersect transversely. This is
equivalent to the fact that the matrix
M =


xi1y
j
1 0 0(
dt1Q0
dt1R0
)
(Hesst1P0)
−1
(
ixi−11 y
j
1
jxi1y
j−1
1
) (
xk1y
l
1
0
) (
0
xm1 y
n
1
)
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
xiNy
j
N
0 0(
dtNQ0
dtNR0
)
(HesstN P0)
−1
(
ixi−1
N
yj
N
jxiNy
j−1
N
) (
xkNy
l
N
0
) (
0
xmN y
n
N
)


[3N,|∆|+|∆′|+|∆′′|]
is of rank 3N . As {Q0 = 0} and {R0 = 0} intersect transversely at each th, the
matrices (
dt1Q0
dt1R0
)
, · · · ,
(
dtNQ0
dtNR0
)
are invertible. Consider the following matrix:
N =


1 0 0 0 · · · 0 0 0
0
0
(Hesst1P0)
(
dt1Q0
dt1R0
)−1 0
0
· · ·
· · ·
0
0
0 0
0 0
.
.
.
.
.
.
. . . · · ·
.
.
.
.
.
.
0 0 0 0 · · · 1 0 0
0
0
0 0
0 0
0
0
· · ·
· · ·
0
0
(HesstN P0)
(
dtNQ0
dtNR0
)−1


[3N,3N ]
.
The product NM is of the following form:

xi1y
j
1 0 0(
ixi−11 y
j
1
jxi1y
j−1
1
) (∗ · · · ∗
∗ · · · ∗
) (∗ · · · ∗
∗ · · · ∗
)
...
...
...
...
...
...
xiNy
j
N 0 0(
ixi−1N y
j
N
jxiNy
j−1
N
) (∗ · · · ∗
∗ · · · ∗
) (∗ · · · ∗
∗ · · · ∗
)


[3N,|∆|+|∆′|+|∆′′|]
.
It is then sufficient to show that the matrix

xi1y
j
1(
ixi−11 y
j
1
jxi1y
j−1
1
)
...
xiNy
j
N(
ixi−1N y
j
N
jxiNy
j−1
N
)


[3N,|∆|]
.
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is of rank 3N . It is equivalent to show that the linear space of curves in |L∆|
with singularities at all the quadratic points of (P0 = 0) is of codimension 3N .
This follows from Lemma 6.
Let ∂∆+ ⊂ ∂∆ be a subset of the set of edges of ∆. Let ∂∆′+ ⊂ ∂∆′ (resp.,
∂∆′′+ ⊂ ∂∆′′) be a subset of the set of edges of ∆′ (resp., of ∆′′). Put
m =
∑
F∈∂∆+
(
#(F ∩ Z2)− 1) ,
m′ =
∑
F ′∈∂∆′+
(
#(F ′ ∩ Z2)− 1) ,
m′′ =
∑
F ′′∈∂∆′′+
(
#(F ′′ ∩ Z2)− 1) .
Theorem 8. Suppose that 

2N +m< b(∆),
m′ < b(∆′),
m′′ < b(∆′′).
Then, there exists a neighborhood V of (P0, t0, Q0, R0) such that the intersection
S′1 ∩ ... ∩ S′N ∩
(P(∆, ∂∆+, P0)× P(∆′, ∂∆′+, Q0)× P(∆′′, ∂∆′′+, R0)) ∩ V
is transversal in P(∆)× P(∆′)× P(∆′′).
Proof. The proof follows the same lines as the proof of Theorem 7. It reduces
to the proof of the following facts.
• The linear space of curves in |L∆| with singularities at all the quadratic
points of (P0 = 0) and passing through the m points of intersection of
(P0 = 0) with ∂∆+ is of codimension 3N +m.
• The linear space of curves in |L∆′ | passing through the m′ points of inter-
section of (Q0 = 0) with ∂∆
′
+ is of codimension m
′.
• The linear space of curves in |L∆′′ | passing through the m′′ points of
intersection of (R0 = 0) with ∂∆
′′
+ is of codimension m
′′.
All this follows from Lemma 6.
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